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Abstract

For analysis of (thermo-)acoustic systems and in particedembustion instabilities, so-
callednetwork modelsre popular. Such models comprise multi-ports, which gpeesented
mathematically by transfer matrices. Transfer matricey bmreconstructed from transient
CFD simulation data with system identification tools, i.@itiumpulse response filters are de-
termined with correlation analysis. The present study isceened with the optimal choice
of parameters for accurate transfer matrix reconstructilRecommendations for the optimal
choice of sample increment and sample length as well as dittar are formulated. Remark-
ably, it is found that in many cases the use of non-causaldiieadvantageous. Itis argued that
this is a consequence of the fact that causal interreldtippsmposed by the underlying laws
of fluid mechanics are not always represented properly Witstandard acoustic variables.

INTRODUCTION

For the purpose of analysis or control of complex (thernmiatic systems, so-callegtwork
modelsare popular. With this approach, individual system elemané represented as multi-
ports, described mathematically by their respective fearmaatrices. In its fundamental form,

a transfer matrix furnishes linear relationships betwessustic variables — e.g. fluctuations
of pressurep’ and velocityu' — at the different ports of an element. Combining the power
of computational fluid dynamics (CFD) with the efficiency aftwork models, it has been
proposed to use advanced tools fregstem identificatiomo estimate or reconstruct transfer
matrices from transient CFD datd. Time series data taken from a transient CFD calculation
with low-amplitude forcing of pressure and/or velocity la¢ thboundaries of the computational
domain are regarded as (acoustic) signals received andnssp emitted from the multi-port,
respectively, and used to estimate auto- and cross-ctioredeof acoustic variables. From the
correlations, unit impulse and frequency responses, heedéesired coefficients of the transfer
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Figure 1: Schematic of the setup for correlation analysth wansient CFD: At the boundaries
of the computational domain, transient forcing generasg¢ereal wavesfy, gy with desired
spectral content. The element to be analyzed ("black b&ghit of the computational domain.
If the scattering matrix formulation is used (see belowgatic waves incident on the element
are regarded as signal® s, the reflected / transmitted waves are the respariSes?.

matrixt, are computed.

The incrementit of the time series, which need not be equal to the timedteh the CFD
simulation, and the number of coefficients of the impulsgaese vectors, i.e. therder of
the response filters, are adjustable parameters in thigguoe. Also, it is not obvious whether
the system identification is best formulated in terms of fi@ acoustic variable$u’, p') or
in terms of the Riemann invariantd,g), and which terminals of the multi-port should be
considered as signals (input) and responses (outputleatdggly. In the present paper, basic
results of the theory of linear, time-invariant systemsamabined with numerical analysis in
order to derive guidelines for the selection of optimal paeter values, such that an optimal
compromise between computational effort and numericargeron the one hand, and most
accurate estimation of the transfer matrix coefficients eveappropriate range of frequencies
on the other hand, is achieved.

DISCRETE-TIME SYSTEMS AND CORRELATION ANALYSIS

In this section, fundamental concepts, methods and resatiserning discrete-time systems
and system identification are reviewed very briefly. Dethjjeesentations of this material can
be found in many booksC a short write-up has been made available on the int&rnet
Consider the values of acoustic variables up- and dowmstiifaa network element (the
"black box”) assignals sandresponses,rsee fig. 1. A transient numerical simulation of com-
pressible flow with external forcing provides time semges- s(iAt),i = 0,...,N and similarly
ri. Theautocorrelation matrix™ of the signals and thecross-correlationc between signal and
response are approximated as follows:

1 N—Lmin 1 N—Lmin
G~ I:Zmaxsm and I ~ v I:ZmaXSHSH for i,j = Lmin,--.,Lmax 1)

How to choose the summation limiksnin, Lmax is discussed below, the normalization constant

LAlternatively, it is possible to determine with these toaléscalar) flame transfer function relating, e.g., fluc-
tuations of velocitys’ and heat release rafg to each other. In combination with suitable assumptionsiatie
behavior of a flame, a complete flame transfer matrix can beatkfor stability analysis of combustion systetn



For sufficiently small amplitudes of fluctuations, a transi€FD simulation approximates a
discrete-time, real-valued, time-invariant linear sgste'! (LTI system). The "black box” is re-
garded as éinite impulse respond&IR) filter, with its dynamic behavior completely descidbe
by theunit impulse response

= > hs. v
|=—o00
Of course, in practice, an approximation of this equatiothifinite number of coefficienty
is used. The unitimpulse response (UIR) can be determined fromdhelkations by inversion
of the so-calledWiener-Hopf equatioh!®

=c. 3)

A frequency responsi(w) may then be computed as théransformH (z) of h with argument
z=exp{iwAt} 28,

The discussion has so far been limited to swalar frequency responsk (w) of a one-
port. Anm x m transfermatrix describing arm-port filter can be estimated with correlation
analysis if the signal vectos is defined as a suitable combination of timesignal variables
s n=1,...,m andmimpulse response functiods” — one for each response port of the
element - are introducéd For acoustic systems) = 2 typically and the variablesr are the
fluctuations of pressurp’ and velocityu’ or the in- and outgoing Riemann Invariarfteandg
(see fig. 1).

Reconstruction of a complete transfer matrix in this fastgbould provide significant ad-
vantages over alternative approachés For example, there is considerable flexibility in the
choice of signal shape; superposed sine waves or chirpsnapdriicular bandwidth-limited
white noise have produced good results , while step fungtiewhich are resolved well in a
fluid dynamics computation only with difficulty — can be aveiti-6.

SAMPLING AND FREQUENCY INCREMENT

The frequency respon$€ w) of LTI systems is known to be periodic in the range of frequesc
—T/At < w < /A, and there is symmetry / antisymmetry of the real / imaginzast of the
frequency response around the paint 0. It follows that for a given sampling interval,
only frequenciest < f. = 1/2At should be consideréd|f the time stepdt of the CFD model
is smaller than the sampling intervat, the time series produced by the transient simulation
should be lowpass - filtered before carrying out the cori@ianalysis.

The sample lengtN, i.e. the duration of the transient simulation, determitmesampling
frequency(or frequency resolution Af = 1/NAt. Formally, with given impulse responkethe
frequency response of an LTI system can be computed forampit even complex-valued —
frequencieswn with the forwardz-transform. This is convenient for dynamic stability arsidy
of (thermo-)acoustic systems. However, physically it i$ smund to evaluate the frequency
response for frequencids< Af, i.e. the sampling frequendyf represents effectively a lower
frequency limitfmyn.

2This is the equivalent of the well-known Nyquist criterion.



ORDER AND REALIZABILITY OF THE UNIT IMPULSE RESPONSE

The analysis in the previous section has shown that the ofdee unit impulse response filter,
i.e. the number of coefficients;, does not influence the frequency range and resolution of
correlation analysis. However, tlacuracyof system identification is significantly influenced
by the order of the unit response filter. In principle, an imimumber of coefficients;-co <

| < 400, is required for complete characterization of an LTI systét Of course, in practice
only a finite number of coefficients can be handled, and thseeetiade-off between numerical
and statistical errors (both increase with increasing remab coefficients) and errors due to
inadequate resolution of the impulse response.

Experience suggests that with more than, say, 100 coefficitre determination of auto-
and cross-correlations — see eqgn. (1) — requires signifax@nputational resources, while the
inversion of the Wiener-Hopf equation encounters numepmzblems, i.e. the condition num-
ber of the autocorrelation matrix becomes very large. On the other hand, the number of
coefficients of the unit impulse response required to aehsmcurate identification depends
strongly on the characteristics of the LTI system under iciemation. As it turns out, con-
siderably less than 100 coefficients of the impulse resparseften sufficient to characterize
multi-ports typically encountered in the analysis of costimn instabilities. Interestingly, it is
sometimes advantageous to include coefficibntgith negative index. A filter with hy # O for
| < 0is callednon-causabr non-realizable because the present valyef the response is influ-
enced not only by present and previous values of the signghlbo by later ("future”) signals
Sj, ] > i, as inspection of eqn. (2) shows. It shall be explained inféllewing that this sur-
prising finding is not in contradiction with common sensewrdamental principles of physics.
The apparent paradox can be resolved by considering howttgaimental fluid-dynamic phe-
nomena are represented in terms of acoustic variables, Wlste a non-causal filter cannot be
used for control applications, it causes no essential problfor "off-line” post-processing of
time series.

Inverse z-Transform

The coefficients of the impulse resporgaenay be obtained from the frequency response by the
following relation {nverse z-transforp®-1%:

At e oot
h = ET/—T[/&) F () €™ do. 4

This allows to check how accurately a response filter with igefinumber of coefficients rep-
resents a given frequency respoffigev): starting from a given frequency resporiséw), an
approximationh of the unit response with a finite number of coefficielts = Lmin, .. ., Lmax

is computed using an approximation of eqn. (4) with a finitenbar of coefficientd =
Lmin,- --,Lmax. The (forward)ztransform ofh then yields an approximate frequency response
F (w), comparison against the original frequency respdhge) then shows to which degree
the chosen number and range of coefficidntsan characterize the LTI system.

System time lags and filter memory

To begin, consider a causal filter with unit respomgeZ 0 only within the range & | <
Lmax The time intervakmem= At Lmax May be regarded as thmemoryof the filter, because
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Figure 2: Characterization of thet - model with a UIR filter of order 12. Left: coefficients
of the UIR. Middle: absolute value of the frequency resporBight: phase of the frequency
response. (— ) exact frequency respofgeof n-t model; (— — ) approximatiof derived
fromh;,1 =0,...,11.

the response at timig is not influenced by signal states priortto—tmem This observation
suggests the following minimal requirement for accurateatation analysislmax should be
chosen such that the memdpemof the filter exceeds all delay times time lagst of the LTI
system that is to be identified.

Under certain circumstances, pertinent delay times castieated quite easily. For exam-
ple, if simple propagation of acoustic waves over a distalaces the dominant process, then
T =~ Ax/c, wherec is the speed of sound. On the other hand, if convection (dfifirmo-
geneities, or entropy, e.g.) is significant, tires Ax/U, whereU is a representative mean flow
velocity.

In situations with complex flow physics, e.g. swirl burnerghwecirculation zones, more
complex relaxation or delay processes may come into plagn®m a-priori estimate of the re-
quiredLmaxis not always possible. In this situation, time lags can lmided from inspection of
the cross-correlations between signals and responsesidgadhat the signals are sufficiently
close to white noise in their spectral content!

Example 1: then-T Model

A model frequently encountered in studies of combustiotahifties is the so-called-t model
with frequency response '
Frr(w) = 1+ ne ', (5)

This simple model is used, e.g., to describe the responsaroéfheat release to perturbations
of velocity u, upstream of a premix burner The time-lag term withinteraction index ris to
represent the relatively slow propagation of flame frontyrbations and / or fuel concentration
inhomogeneities from the burner mouth to the region of musiise heat release.

If the time lag is a multiple of the sampling interval= mAt with integerm, it can be
shown analytically that the unit impulse response of thisdylstem ishg = 1, hy, = n with all
other coefficients being zero. So, foe= At (m= 1), a unit impulse response vector of length
two is sufficient to completely and exactly (!) charactettizis system.

But what if T is not a multiple ofAt? This question is addressed with numerical analysis,
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Figure 3: Characterization of thel - model with causal and non-causal UIR filters. Left: co-
efficientsl = —12,...,12 of the UIR. Middle: absolute value of the frequency respoiféght:
phase of the frequency response. ( ~—) frequency respggnsé thel - model with parame-
ters¢M = 1/2, |/c = 1/21; (— — ) F computed from non-causal UIR with 25 coefficients
| =—12....,12; (- - - ) F computed from causal UIR with 100 coefficiehts 0, ... ,99.

applying as discussed above reverse and fonedrdnsforms to the frequency response and
the approximate UIR. Results for the case/At = 9.6 andl =0,...,11 are depicted in fig.
2. The unit impulse response (left graph) resembles routifdyexpected distribution, with
the delayed part of the response appearing primarily in teefficients| = 9,10 bracketing
the actual value of the time lag. With just one dozen coefiitsidor the UIR, the approximate
frequency responsﬁ((o) is quite similar to the original, except near the Nyquisgtrency.
As one would expect, the agreement betwEgiiw) andF (w) improves with increasing max.
However, deviations very near the Nyquist frequency remaimatter how many coefficients
are used, c.f. the well-known Gibbs-Phenomenon. Theréafise@ecommended to choose the
sample intervaldt such that the corresponding Nyquist frequerigys 20 - 50 % higher, say,
than the maximum frequency of interest. Then the deviatafrisequency responses from the
correct value near the Nyquist frequency can not influeneedhults of network analyses with
the reconstructed transfer matrix.

Example 2: thel-¢ Model (Compact Element with Loss)

It has been suggested that at sufficiently low frequencycthgpling between fluctuations of
pressure and velocity across a premix swirl burner may beoappated as

4 1 —ZM—iw'ﬂ> LA
pe = c Pelu ], 6
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wherea would be an area ratio between up- and downstream crossrsgdt; an effective

or reduced lengtrandl a pressure loss coefficiéit Indeed, for compact flow elements with
a contraction of cross-sectional area along the flow path,abproximate description seems
adequate for a wide range of conditidnsHere we are concerned primarily with the upper
right coefficient, a plot of the frequency resporggw) = —(M —iwl/c is shown in fig. 3.

It turns out that this coefficient of the transfer matrix canhe represented well by a causal
impulse response filtdn, | = 0,...,Lmax €ven if a very large number of coefficients is used.




However, the slope of the phase of the frequency responsssive, as would be the case also
for a time-lag systerf (w) ~ exp(—iwt) with negativetime lag. This suggests that it should be
possible to represent & system with a non-causal unit response. This is indeed ge& tze
approximate frequency resporisebtained with = —9,...,9 is shown in figure 3.

Causality and the proper Choice of Variables

The failure of a causal response filter to characterizel #he model is of course not due to
any effects in acoustic wave transmission and reflectiorchwvkiiolate causality. Instead, the
root cause of the problem is that the variables used, i.eifiwe acoustic variableg’ andu
with the upstream location taken as the "signal” and the dix@am location as the "response”,
respectively, do not properly represent the underlyingseaand-effect relationships imposed
by fluid mechanics and acoustics.

This is best explained with a simpler example, i.e. progagaif plane waves between two
locations 'U” (upstream) andd” (downstream) over a distande with transfer matrix

Py _isi 12
(& )= oo, ot ) L) 2
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The cause-and-effect relationships in this example arg sienple: a downstream travelling
wave f, at the upstream location should be considered as a signah fads to a respondg
at the downstream location after a tithg/c, while a wavegy coming in from the downstream

side has a responsgg. Obviously, the notation in terms of primitive variablgsandu’ used in
(7) does not really reflect these interrelations; a more aakegchoice of variables is obviously,

()70 e )() ®

which makes use of thecattering matrix Note that the two non-zero coefficients of the scat-
tering matrix have a negatively sloped phase w.r.t. frequetorresponding to a positive time
lag.

Correlation analysis with CFD data for plane wave propagashows indeed that with a
causal UIR(=0,...,Lnay all matrix coefficients are reproduced correctly only & @nalysis
is formulated in terms of the scattering matrix with gq as "signals” andy, g, as "responses”.
Conversely, if a non-causal UIR is used, it does not makerafiignt difference whether Rie-
mann invariantsf, g or primitive variablesp’,u’ are used and which are considered to be "sig-
nals” and "responses”, respectively. Due to lack of spdwsd results can not be presented and
discussed in more detail in this paper.

These findings suggest that it should be possible to avoidgb®f hon-causal filters if vari-
ables can be identified, which respect the causal relatijpsisii the problem at hand. However,
it turns out that this is not feasible even for a system aslsimp thd -{ model. The following
explanation is offered for this result: the loss tefiM expresses the fact that a change in mass
flow rate through the element results in a change in pressoge Hencas should be regarded
as the "cause” angl’ as the "effect”. On the other hand, the term with effectivegi . rep-
resents the inertia of the fluid betweent 'and "d”, such that a change in pressure difference
P, — py will lead to a gradual change in velocity— the roles of cause and effect are exchanged!
Indeed, it has been observed that it is in general not pesgitAccurately characterize thé -
model with a causal response filter, no matter which notasarsed.




CONCLUSIONS

As a result of the present study, the following recommewpdatifor accurate identification of
acoustic multi-ports from transient CFD simulation candmerfulated : a) identify a maximum
frequency of interestay then low-pass filter the raw time series data obtained fimagrstm-
ulation with cut-off fna b) choose the time incremeft as a multiple of the simulation time
stepdt such that the corresponding Nyquist frequency is 20 to 50gmérhigher thanfmax

¢) make sure that the simulation has been carried on for aiguffiy long time such that the
lower frequency limitfni, = 1/NAt is acceptable. d) identify possible time-lag mechanisms
and estimate a maximum time lag If the spectral content of the signals is close to white
noise, then time lags may be inferred from cross-corradatlmetween signals and responses. €)
carry out correlation analysis with a non-causal unit irspulesponsh,| = —L,...,L with L
chosen such thatAT > 1. f) if a formulation for acoustic wave reflection and transsidn at
the multi-port can be found, which properly reflects the ehirgerrelations between "signals”
and "responses”, then a causal LHRI = 0,...,L may be used to reduce computational effort
and numerical error.
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